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THEORY FOR MODERATELY LARGE DEFLECTIONS OF
SANDWICH SHELLS WITH DISSIMILAR FACINGS

G. A. WEMPNER

University of Alabama, Huntsville, Alabama

Abstract—This paper presents the differential equations and boundary conditions for sandwich shells with moder-
ately large rotations. The theory includes the bending resistance of the facings, transverse extension and shear
deformation of the core. Approximations and simplifications are described.

NOTATION

The usual suffix notations are used. Latin suffixes represent the numbers 1, 2, and 3, while Greek suffixes
represent only 1 and 2. Repeated suffixes imply summation unless enclosed by parentheses.

The arrow () over a symbol denotes a vector and the caret (") denotes a unit vector. The vertical line (|}
is used here to denote covariant differentiation with respect to the undeformed middle surface. A comma (,)
denotes partial differentiation.

A prefix n = 0 or 1 refers to the upper or lower facing; the prefix is underlined to avoid confusion with a

suffix. Upper and lower signs, e.g. +, refer to the upper and lower facings, respectively.
Where a distinction is necessary, capital letters refer to the deformed shell while lower-case letters refer to
the undeformed shell.
An element of the deformed shell, the convected coordinate lines and stress resultants are shown in Fig. 1.
The list of notations follows:

L a characteristic length of the middle surface
d thickness of the core
ad thickness of a facing (n = Q or 1)
A d/2L
i 20+ A2+ (A2
ot A4/L

oA—ih
o dimensionless surface coordinate

3

i i x* = length along the normal to the middle surface
d, (or E:,) I:!:,a at the undeformed (deformed) middle surface; the position vector is LK
ds (or Ay) R,
Qg é,.d,
a determinant |a,g|
b,g (or B,g) dy.d,,
k (or K) Gaussian curvature
.8 (\/@)e; €, = permutation symbol

¢ ¢, A* = unit tangent to the edge

u u,A* = unit normal to the edge in the surface
8ij metric tensor associated with coordinates §'
g determinant |g; |

AP %(!p“lif s+ P° A3, external force per unit area

N (V)™ A, + ,q°,45) force resultant per unit of the 6* coordinate line ( # )
M (/a)Le,,,m*,A*, resultant couple per unit of the 6 coordinate line (8 # a)
a7 aUid, interface displacement
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2w, relative displacement of the interfaces

2w, average displacement of the interfaces
Qpi + lp.'

oP"— 1P
oP’ —¢yp’
oAop™ — 141"
MoAop® + 14,0%)
o™ + %
Mon* —c n*)
Qm‘” +lmaﬂ
Ao — mo9)
oAt

od* 14" = M, 4 3¢ +L4,,1

A
Mod* — 1g") = m™, + 1"+

. 3
adsz. Ay
oBapt (Bug) = byt %’Eaﬁ
%‘gBaﬂ—LBaﬂ’ = lekjn[!
HoKagt 1Kap) = LHBop—bog) = 3y @3l,)
%(kaﬁ__l"'aﬂj = LzBuﬁ = %((Uaafp"'msﬂu)
Hows,t yw3,) = Liwy|,+ @WJ

HoWs,— wi) = Liws|, +biw,)

strain of the middle surface of a facing
{Q}'aﬂ +ﬂ'ay/c)
A(g)'a/:’ﬂay)
stress tensor
/;.L +1
— [ (\/g)r” dgs
ay_,
L2274+ 1), 7% denotes the transverse normal stress on the interface
an invariant stress function ; c.f. equation (39)
see equation (40)
; (1-n)

LB|p® + 1, + 5| — ——— 5",

P>+ 3¢ 1+CP | ) 2LAgftgup 1
an invariant function ; c.f. equation (54)
see equation (53)
(1—11)G[1+¢' 3ca? ]
Agholt 4 (L,{l +cpi?)

Il +e)l—n)G

2]@,{29“2&12 +(‘Q;{2)Ll

LYRVINT:
1+ (1—-nGC
physical (not tensorial) components of edge forces
physical (not tensorial) components of edge couples
edge shear force on the core
physical (not tensorial) components of edge displacements
Poisson’s ratio of both facings
shear modulus of a facing

transverse shear modulus of an orthotropic core; D¥ = a**G* and C,; = a,,/G*
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G transverse shear modulus of an isotropic core
E Young’s modulus for transverse extension of the core
B

B stiffness tensor; ¢.f. equations (10), (11), and (15)
5 flexibility tensor C,g,;B*™ = (6707 + 3367)

b shear-stiffness tensor of the core
shear-flexibility tensor of the core

ohott
A

INTRODUCTION

IN a previous paper [1] the author presented a theory of sandwich plates with dissimilar
facings and in another [2], a theory for thin sandwich shells. Here, the ideas from both are
incorporated in a theory for shells with dissimilar facings. The initial curvature of the shell
necessitates certain approximations not needed in the treatment of plates [1] and the
dissimilarity of the facings necessitates some extension of the theory for shells [2].

Although the present theory is neither as simple nor as precise as that for plates [1],
it extends the ideas of the latter to shells and includes the previous formulations [1,2] as
special cases.

BASIC ASSUMPTIONS

The following analysis is concerned with small strains and moderate rotations of thin
shells. It 1s a basic assumption that

2Yap = Aup—8ap < /[Ganisp)]-

This means that dynamical equations account for any changes in the direction of lines and
surfaces, but not their deformations; for example, it is immaterial whether the stress is
measured per unit of deformed or undeformed area, but essential that it is referred to the
deformed orientation.

Since the components of the metric tensors, 4,4 and a,;, differ by terms of the order of
the strain components, a covariant derivative with respect to a deformed surface is replaced
by the derivative with respect to the undeformed surface.

It is assumed that rotations about a normal are small of the same order-of-magnitude as
the surface strains, i.e. w,; = O(y,p). This assumption appears to be valid in most structural
applications. Exceptions are a long helicoidal shell [3, 4] and a cylindrical tube [5]. The
latter are unusual among shell-structures because both can suffer large rotations about a
normal without appreciable extension of the middle surface and the attendant membrane
force.

Since the composite shell is thin, no distinctions are made between the differential
geometries of the various undeformed surfaces, i.e.

0ap = 1045 = Ay and  obys = by = by,

KINEMATIC VARIABLES

According to the Kirchhoff-Love theory the configuration of a facing is defined by the
displacement of the interface, 117(0‘, 6*) = ,vd'. However, since we are concerned with
the behavior of the composite shell, it is more meaningful to employ certain linear combina-
tions, namely, the mean displacement

W=, V+,V=2wd (1)
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and the relative displacement

W=,V—,V=2wd )
The latter describes the deformation of the core and depends on the properties of the core
and the tractions exerted upon the core by the facings.

BEHAVIOR OF THE CORE

A previous paper [6] gives a general analysis of the weak core. Here we require the
approximation appropriate to a thin core (1 < 1); we assume that the geometric properties
of the undeformed interfaces are the same. Then the appropriate versions of the core rela-
tions are

Wy = 2%033 4i4a P 3,035 (3)
1 2
Wy = —)'(W3|a+ bgwﬁ)+ 2L Caﬂs 6EL§ﬂ|ﬁa (43)
or
/12
& — S D5, = 2LD%w,+ dDPH(W3|,+ by, (4b)

D and C, are the shear stiffness and flexibility tensors, 633 and 5 are proportional to the
transverse normal stress and shear resultant and @,, represents a gross rotation [7].

EQUILIBRIUM OF THE FACINGS

The equations [2] of equilibrium for a facing are

.1 .
gpA+ﬂs + n‘ula—gqaﬂB; =0 (5)
LZ
1P F 57070+ Boy+ gl t 350, = 0 (6)
n A
ap| B ﬁ+_ B _
M= nq +4,15 aP" =0. 7

The terms containing o3 and §* represent the tractions exerted by the core. Notice that
»Bag denotes the second fundamental tensor of the deformed surface and that ,n* and ,m**
are the force and couples with respect to the middle surface of the facing*.

The underlined term of (5) is often neglected {8, 9]. In the case of a sandwich shell it is
less significant because the individual facing will usually carry a small portion of the total
transverse shear resultant (e.g. ,g* < §%). Consequently, it will suffice toset 4B,;, = ;B,; = B,,
in the underlined term only.

If we use (7) to eliminate ,q* from (5) and (6), the equilibrium equations are

'1 1 H A BY, "i RA XA RA a
P (‘)B‘*' 5 B,,) 2j’s"(b,‘,j:'73,,)+£n |l — Bj,m*|, =0 8)

* The author’s previous work [2, 6] dealt with stress resultants acting at the interface. Note too that the stress-
resultant tensors, ,n*, 4% ,m* differ with their counterparts in (8] by the factor L, but agree with the notations
of [6].
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L A A
WP’ F 57077+ |1+ 2515+ ™y By + im0, = 0. )

22 24 2
BENDING AND STRETCHING OF A FACING

The Kirchhoff-Love hypothesis is employed to obtain the constitutive relations [10]:
23

= B P = _%ﬁmﬂwﬂxm (10, 11)
where
L I _ah
nVap = E nvulﬂ + ﬂvﬂl'l - 2b1ﬂlu3 + Fﬂwhﬁwali + =2—£K,B (12)
L i i

ﬂxaﬂ = 5[(ﬂv3|aﬂ + lv3lﬂa) + (bagvz_)lﬁ"' (bﬂﬂvi)la] (13)

23, 1s associated with rotations about a tangent [7]:
ﬂw3a = L(_llv3la+ba;:ﬂv/'.)' (14)

For practicality we have neglected some terms, specifically, a quadratic term in (12) and
a linear term in (13) which involve the rotation (,w,;) about the normal and an asymmetric
term of (10). These approximations [10] are justified when the rotation about the normal
is sufficiently small as it is usually. When we neglect the underlined terms in the equili-
brium equations (5) and (8), then, to be consistent, we will neglect the tangential displace-
ments in (13) [8] when (13) is used in (11).

We suppose that the elastic properties of the facings are similar, but the stiffness and

thickness may differ. Accordingly,
ﬂBaﬁvn = E#Baﬂwr (15)

SANDWICH-SHELL VARIABLES
In the manner of equations (1) and (2), we define rotations @, and ws,, changes-of-

curvature ¥,; and «,,; and curvatures B,; and B,;. Likewise we combine the loads, stress-
resultants and strain components of the individual facings to form new variables, g%, 1*#,
e, B, & Foupo 4% A%, m*, p3, B, ¢ and F,;. All definitions are given under the heading of
“Notations™. Each barred () quantity is associated with the gross behavior, for example,
i*# is a net-force component on the composite.

According to (12), (2) and the definitions,

L
'J_)aﬁ = Z[(l + C)(‘Tvalﬂ-{_ Wﬂ]a)—(l _C)(Walﬁ+ Wﬁla)

1
=214 )bygwWst 2(1 — C)bygws t “E(l + ¢)3,034
(16a)

1 1 _ 1 _
+F(1 +C)w3aw3ﬂ_'l7(l —C)(l)3,w3p—F(l _C)w3aw3ﬂ:|

B (co/ -—l/",)’z B (coA+ l&)K
2¢ = 2¢ b
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~ 1 )
Vap = ALw alﬂ+wﬂlu 2b ﬂW3+L3wSaw3ﬂ+L3w3¢w3ﬂ
(16b)
A _ A
_E(QA+ll)xaﬂ—~§(gl—ll)l(aﬁ.
_ L _ P — i
Kap = 5[(W3Iu+ buwi)|ﬂ+ (w3|ﬂ+ bﬂwl)lfl] (17&)
L i A
Kap = 51 Wale™ bawillst Walg+ bywalla] (170)

Notice that the tangential displacements w, appear in (16b) only in the nonlinear terms
and in i,; where they are underlined in (17a).

EQUILIBRIUM OF THE SANDWICH SHELL

Next we form linear combinations of (8) and (9) to obtain equations which are more
meaningful for the composite shell. These combinations are ¢(8) + 1(8), o(8) —¢;(8), o(9) + 1(9)
and o(9)— 1(9), respectively:

At A
p*+ 7, — 1B b J;‘ )B‘ 5 — By, = 0 (18)
g A+, A
A 2 Al
AP =5 A - ST )[C(olhi)p
+(Q/1—cll)ﬁ”]Bﬁ——(gl_‘ﬁlc)Eﬁéﬁ (19)

— {40 = m*),+ (1 + m™|,)B; = 0

R S
p*+ 55 +3¢ + B,

2, (1—c¢) _ 20
thira Be _(T+—) 7Byt ey = 0
l L20_33 +_} 1 1 /LI + ala
" _ (c—1)_ 2
+(1+ 5 “”Ba,,+,1n°"’Ba,,+)( = i B,y +m*|,; = 0.

Equations (18) and (20) are the conditions for equilibrium of the net forces on the com-
posite shell.
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BENDING AND STRETCHING OF THE COMPOSITE SHELL

Similar linear combinations of (10) and (11) are:

r_l“ﬂ — Q'{gﬂgaﬂm)v'w (22)
ﬁaﬁ — g/{g#BaBy"T’m (23)
YANTIN A2 A2
—ap _ 04 ol gy - 1
m* = -5 B P [(1+ 0/{2) "V"J’(l_clgﬁ K),,,jl (24)
" 0/1 ol map 1/12 32
m# = L2 By (| - L 1++4 (25)
12 Col Ko+ col

Equations (22), (23), (24), and (25) together with (16a, b) and (17a, b) serve to express the
stress resultants in terms of the displacements w; and w,. Then the six equilibrium equa-
tions (18-21) can be expressed in terms of the variables w;, w;, 03 and §* The relative
displacements w; can be eliminated easily by means of (3) and (4a); then the six equations
(18)~(21) are expressed in terms of the six variables, w;, 6°* and §*.

Usually the coefficient 12D*#/3E is small enough that the second term of (4b) is negligible.
(The importance of this term and w, have been discussed by Reissner [11].) Then equations
(4) serve as well to eliminate the transverse shear resultants §* so that the six equations
(18)21) can be expressed in terms of the six displacement components, w; and w;. The
underlined terms of (18) and (19) are usually neglected when the pattern of deformations
is limited to a shallow region ; they vanish in a membrane theory. We retain these terms but
employ the simplifying approximation

B,; = by
The eight equations, (18)~(25), together with (3) and (4) form the basis of the governing
differential equations. Appropriate boundary conditions and some simplifications are
discussed in the following.

BOUNDARY CONDITIONS

The boundary conditions can be obtained by examining the virtual work of edge
tractions in the manner of previous papers [1, 2]. Here we present the results and define
some essential quantities.

We introduce a mean base vector 4; and gross rotation ¢ of the edge of the composite
shell :

d;+ ¢ x d; (26)

— ra

sy I L
é; = T(W3Ia+b£wl)ay. 27

The actual convected base vectors G601, 62, 0%) differ from A8, %) by virtue of relative
rotation and strain variations through the thickness. These variations lie beyond the realm
of thin shell theories. Only the gross rotation and the relative rotation of the two facings
enters into our theory for thin-sandwich shells.

Let & = c,A* and @ = u, A* be the unit tangent and normal to an edge curve C of the
deformed shell. Let § and 25 be the mean and relative displacements of the middle surfaces
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of the facings, 7j and 7 the sum and difference of the force resultants on the facings, #i and 7
the sum and difference of the couple resultants and & the shear resultant on the core.
These are expressed in terms of normal and tangential components as follows:

8 =Ad+Ae+A 4, (28a)
O = A+ A0+A,A, (28b)
i=X0+X,0+X,4,4 (29a)
=X 0+X2+X,A4, (29b)
m=Ha+H,t (30a)
m = H i+ H,e. (30b)

With the foregoing notations, the virtual work of the edge tractions takes the form

_ - oH, . ... .0A, 6H,

oA - = - -
—[Hz]a—US‘*'[X1+H11—H2K1]A1
o o (1)
+[X1+H1T—H2K1]A1+[X2+H1K2_H21]A2

+[X2+H1K2—H21]A2} dc.

Here K, and K, are normal curvatures in the tangential and normal directions, 7 is the
geodesic torsion of the surface with fundamental tensors 4,4 and B,z, C and U are lengths
along the curve C and a normal curve, respectively.

The underlined terms of (31) stem from the tangential components of displacement
which enter into the rotations. These terms are neglected in the Donnell [12] approximation.

According to (31) there are eight boundary conditions in general. There may be geo-
metric constraints, i.c. w;, w;, 0W;/0U and dw,/0U may be assigned, or the edge resultants
(in brackets) may be assigned or linear combinations may be prescribed, for example,
in the case of an elastic support.

If we retain only those nonlinear terms which involve products of forces and rotations,
then the effective edge resultants are expressed in terms of previous variables as follows:

A

’lLX3 = uaqa+ Zuaﬁaﬁ(w3lﬁ+ bzwrl) (323)
ﬁl = — cauﬂ'—n_aa, 'IHI = — Caupmap (32b5 C)
Hz = uauﬂmaﬁ, A’HZ = uauﬂmaﬂ (32d, e)
LY, = uge i (32f)
LX, = cu,n® (32g)

~ 1 1-¢) -
/ILX1 = )LL( b C)Xl + AL( C)Xl = uauyﬁay (32h)
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(1+¢) (1—c)

2

ALK, = AL X,+AL X, = cu i (32i)

LY = u (32j)

The effective edge forces can be expressed by components in the directions of the vectors
d; by means of (26) and (27).

SIMPLIFYING APPROXIMATIONS
If we admit certain approximations of the foregoing equations, then we can eliminate

the tangential displacements, w,, and instead, introduce an Airy stress function for n*#
and a compatibility condition to insure the existence of w,. These approximations impose
some limitations on the applicability of the results. Nonetheless, the resulting equations
govern a wide variety of common cases including

(i) shallow shells or, equivalently, localized and wave-like deflections of non-shallow

shells and

(i) cylindrical and spherical shells with thin facings, i.c. ,4 < 4.

Usually the facings are thin in comparison with the core, i.e. ,4 < A Then the shear
force and the couple, ,¢* and ,m™, on a facing are small in comparison with the net shear
and couple on the composite shell. Therefore, we propose to neglect the underlined terms
in the equilibrium equations (5), (8), (18), and (19). In particular, equation (18) reduces to

PP+, = 0. (33)

In keeping with the approximation (33) we neglect the underlined terms of (13) and like
terms in the changes-of-curvature k4 and x,, of (24) and (25)*.

To neglect the underlined terms in @3, and w;, when computing the quadratic terms
of (16) or the curvatures B,; and B, is another matter, for the magnitude of the non-linear
terms, e.g. @3,@3,4 in (16) and 7% B,; in (20), does not rest upon the relative thickness of the
facings. However, when large rotations and curvature-changes occur in the analysis of a
shallow shell or, equivalently, in the study of localized or wave-like deflections of short
length, then the underlined terms can be neglected throughout. In such cases we have the
generalized Donnell [12] approximations for flexure of the facings.

535: = LV_V3[3H (‘031 = Lw3'a_ (343. b)

_ L _ _

Kap = E(W3laﬁ+ W3lgs) (35a)
L

Kag = §(W3|aﬂ+w3lﬂa)' (35b)

The tangential displacement w, appears in the parenthetical term of (4a, b) and enters
into (23) via (16b). That term is @;,/L and represents a mean rotation about a tangent.
When (4a) is substituted into (16b) the contribution of the parenthetical term is —24%K,4.
This is usually the predominant term in (16b). Indeed, if ¢ = 1 and ,4 < 4, then for all

* These simplifications are often introduced in analyses of shallow shells [10]. Here we can apply them to a
facing without imposing such restrictions on the composite shell.
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practical purposes #*f is the net couple on the composite shell. If the flexural resistance of
the composite is appreciable, then the tangential displacement W, can be neglected in
(4a, b) only if the deformation pattern is limited to a shallow portion of the shell. In short,
to neglect Wb} in (4a, b) is to impose the Donnell approximation on the composite shell.

Koiter [10] has suggested an approximation which can be employed here to eliminate
the tangential displacement from (16b) and hence from (23). It is consistent with our
assumption that the rotation (,»,,) about the normal is small, of the same order-of-magni-
tude as the strain (,7,5). Under this assumption we use the approximation :*

Woly = bags. (36)

A

B

When we differentiate (4a) and use (36), we obtain

Y o o e
Walp = —A(W3I"B+b;bvﬂw3+b;|ﬂwv)+§z(cavsy_§fsy (37

Following Koiter [10] we neglect only the second of the underscored terms in (37) (it is
zero if the shell is cylindrical or spherical and negligible if the shell is shallow). Then,

J

If (38), (34a, b) and (35a, b) are used in (16b) the tangential displacement W, is eliminated
from ¢16b) and (23).
The approximations (33), (34), (35) and (38) are employed in the sequel.

2

1 A
Wolg = — AWslypt bzbvﬂw3)+_(cay§y——‘§y (38)

2L 3E

B

STRESS FUNCTION
If the Gaussian curvature (k) is constantT the general solution of (33) is [13]

it = M|, +a* k@ — FF (39)
where F* is a symmetric particular integral of
F, = pb. (40)

Then the two equilibrium equations (33) are eliminated from further consideration and the
tensions are given by (39), but only if the Gaussian curvature is constant, e.g. cylinders,
spheres. In the case of shallow shells [8] the Gaussian curvature is negligibly small in (39).

A COMPATIBILITY CONDITION

It is clear from (39) and (22) that @ is related to the strain components 7,, and so to w,.
By introducing ® we hope that calculation of the displacements w, will be unnecessary

* This approximation is used only to compute a mean change-of-curvature in (16b). It follows when the linear
versions of ,y,; and ,w,; are set to zero.

T Strictly speaking, this should refer to the Gaussian curvature K of the deformed surface rather than the
curvature k of the undeformed surface. However, the underlined term of (39) is needed only when the deformed
portion does not qualify as a shallow surface, (see [8], p. 400). Moreover, any change in the Gaussian curvature is
accompanied by stretching of the surface, the change being proportional to the strain components and their deriva-
tives. Accordingly, it is reasonable to assume that (K —k) < k when the deformed surface is not shallow, i.e.
when K = k is not negligible in (39).
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and that @ can be chosen to insure continuity of the deformed shell. To this end we require
a compatibility condition.
A compatibility equation for each facing is obtained from the Gauss equations of the

deformed and undeformed middle surfaces [1]. For small strains the equation assumes the
form

LZ
saﬂswﬂzylﬁp = TS‘I%M(QBWABW —bypbp,). (41

Following the der_ivation of (22) we form the combination, o(41)+ ,(41)/c, and use the
definitions of j,4, B,; and B,; to obtain

_ . 1+c¢
gig,usaﬂﬁpy?aylpp — giglw ﬂgpv[(_c_

14c¢
—(T)bapxﬁy

1 (1+cy_ _ 1 {1+¢
T e AT

1 [1—-c}_
A

=Z.

bap Kgy

(42)

KapKpy

where & is merely an abbreviation for the right side of (42).
If C,p,5/0A o1t denotes the flexibility tensor then, according to (39)

1

5 = C am
Vap gigll apyn (43a)

1 4 -
= Copyl €€ D] 5, + @k D — F7) (43b)
[ 9/1 AAAAA

If we limit our attention to homogeneous facings such that C,g,,|, = 0 then from (42)
and (43b) we obtain

eeP?| C_‘W,,[s“"s”éd>l§(w,,+a""k<I>| ,,p—F“"l sl = Z. 44)
AASAAANAS
If the facings are isotropic, (44) takes the form
] 1—9
0] af ®[* B k od|*
|ﬁa 1+’[( Ia)|ﬂ+ 1+'] |a
+ePeF g+ ——F8 = 2.

1+n

The invariant & is readily expressed in terms of the transverse displacements w, and w,
by means of (42) and (35).
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FORMULATION WITH THE STRESS FUNCTIONS

The introduction of the stress function ® serves to eliminate the equilibrium conditions
(33) in favor of the compatibility condition (44) or (45) which insures the continuity of w,.
It remains to introduce the simplifying approximations of (34), (35) and (38) into (16b),
(23), (24) and (25) and, then to rewrite the equilibrium equations (19), (20) and (21) in terms
of ws, ws, s* and ®@. Substituting (34), (35) and (38) into (16b) and then (16b) into (23) we
obtain

~

_ L
if = oA ouAB*M [ ALW,|,,~ A Wi,y —24Lb4b W3 —2Lb,, W,
VAANAAANAAN
(46)
/{2
+(Cyusu)| Suluyn+2W3| W3l:|
Substituting (35) into (24) and (25) we have
_ Adul A? At
e = 2 1;‘ B"”V"l:(l+ﬁ~ Wslyy T (1—%0?)w3|y,,} (47)
VH /lL_ AP\ A2
o= il o (1) w

Equations (39), (46), (47) and (48) may be substituted into the equilibrium equations (19)
(less the underlined terms), (20) and (21). These equations (19), (20) and (21), together with
(44) or (45) constitute a system of five equations in the five variables ®, w;, ws, §! and §2.

FORMULATION FOR SHALLOW ISOTROPIC SHELLS

When the shell is shallow, we are justified in neglecting the underlined term of (38) as
well as those previously dropped*. Also, we can neglect the underlined term of (39) and (45)1.
Furthermore, the order of covariant differentiation is irrelevantt.

If the facings and core are isotropic, equations (19) can be differentiated and summed to
obtain one equation in the invariant §%,. After eliminating 7* with (46) and deleting the
underlined terms, we obtain

- 1+c¢)_ 20404 _
Aplll_( . )Sl|}.+ %_gl; [—ZLwﬂzg

L
— 5 Walip—2L(1 —)( wslla

(49)

2
2 s
3E pap
+2(1 =) (73wl gl + 2n(W3|vw3|?)|Z:l = 0.

1 X
—2Ln(bw3)lh +55 12—

Thus the two equations (19) are replaced by one, (49), and the two variables §* by the
invariant §4,.

* This means that the generalized Donnell-type approximation is enforced throughout.
+ These approximations are discussed by Green and Zerna [8] in Chapter XI of their text.
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If the transverse extension and relative displacement are negligibly small i.e. E - o
and w; — 0, then (21) is not needed and (49) reduces to

2404
1—

(1+¢)

AP, —
1 5

L+

o 1.
[~1Lw3|§§+as“|£ﬂ:| = 0. (50)

Equation (50) is identically satisfied if the functions 5|, and W, are derived from an invariant
x as follows [14].

4LAAgAol . ~
#, = —————232 81 GP|* 51
§ lﬂ (1__”)(1+C)X|aﬁ Ia ( )
4104, -
Wy = g— 2Oy B (52)

(1—#)G(1+¢)
in which P is a particular integral of

.

ALG(1+¢)

If the approximation (35a) is used to determine B,;, if wj is neglected and if equations
(39), (47), (51) and (52) are introduced into (20), then the result is

1351~ Ax|3h + P+ B @]y — F*) Ly + 1lup — Cllsag — Plag) = 0. (54)

afy

Piz= - (53)

The constants, 4, B, C, and the loading function P are given under the heading **Notations”.

The right side of (45) can be expressed in terms of y by means of (52), (35a) and (42).
The problem of gross deflections (w5 = 0) of shallow isotropic shells is thereby reduced to
the determination of ® and y by the simultaneous solution of (54) and (45) without the
underlined term. These differ from the corresponding equations of plates 1] only in the
term — BLF*’b,; of (54).

SUMMARY

The preceding equations provide a basis for the analysis of thin sandwich shells with
dissimilar facings. The basic equations are the equilibrium conditions (18)+21), the con-
stitutive equations (3) and (4) which describe the behavior of the core, the constitutive
equations (22)425) together with the kinematic relations between the strains y,;, 3,4,
changes-of-curvature ¥4, k,;, and the displacements w; and w; and the boundary condi-
tions implied by (31) with (28) and (32). These equations are derived under the assumptions
that the materials are linearly elastic, the core has negligible resistance to membrane forces,
Le. ™ = 0, the facings are thin enough to justify the Kirchhoff~Love approximation and
the rotation about a normal is small of the same order-of-magnitude as the surface strain,
ie. O(w,g) = O(y,4). The differential equations (18)~(21) and boundary conditions can be
expressed in terms of the variables w,, 6>* and §* (gross displacement, mean transverse
normal stress and transverse shear resultant, respectively), as discussed before.

Usually the transverse extensional stiffness is relatively large (12GYE < 1) so that the
second term of (4b) can be neglected. Then equation (4b) can be used to eliminate the variable
5*in favor of w”. Often the extensional modulus E is great enough that transverse extension
is negligible. In this case, moderate deflections can be treated under the assumption that
wy = 0.
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With a few approximations the basic theory can be modified so that the equilibrium
equations (18) and displacements W, can be eliminated in favor of a compatibility condition
(44) or (45) and a stress function @. This also requires that the constitutive equation (46)
replace (23) with (16b), and that (47) and (48) replace (24) and (25). These modifications
rest on the assumptions that the facings are relatively thin, i.e. ,4 < 4, any moderate rota-
tions are confined to shallow regions and the curvatures are constant, i.e. b, = 0 or negligi-
bly small. With these approximations, the remaining equations-of-motion (19), (20), (21)
and the compatibility condition (44) form a system of five differential equations in the
variables ®, w5, w;, 5! and 5% As before, w, can often be neglected and 5° can be eliminated
in favor of w,.

The theory for shallow isotropic shells can be expressed by two differential equations,
{45) and (54), containing the invariants ® and y of (39), (51), and (52). It is understood that
these are applicable to non-shallow shells when the deflection is localized or forms a
pattern of short waves.

The theory of plates [1] is contained in the foregoing equations. Since the Donnell-
type approximations are not needed to formulate the plate equations, it is evident that the
precision of the shell theory improves with shallowness.

When the facings are geometrically similar the foregoing theory is equivalent to the
previous formulation [2]. The equations have a different form because the present equations
are expressed in terms of stress resultants which act at the middle surfaces of the facings.
The choice of variables is that which provides the simplest formulation in each case.

If transverse extension of the core is negligible, the foregoing theory is equivalent to
that given by Grigolyuk [15] for shells with similar facings.

Fulton [16] has employed the counterpart of equations (45), (49) and (50) to treat the
buckling of a shallow cylindrical shell under a uniform axial thrust. His equations are
derived by the principle of stationary potential energy with a kinematic variable replacing
the invariant 5%, of (50); the tensorial counterpart of his kinematic variable is
At A

7 Wit ).

If the nonlinear terms are suppressed, the foregoing theory is equivalent to that of

o = |2w],—-2

Reissner [17] and, if transverse extensibility is negligible, the present equations reduce to
the equations for shallow shells given by Stein and Mayers [18].

Acknowledgement—This paper is the outgrowth of studies initiated by the author at the Lockheed Research
Laboratories, Palo Alto.
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Résumé—Ce rapport présente les équations differentielles et les conditions de limite pour des couches sandwiches

4 déflexions modérément larges. La théorie comprend la résistance de courbure des surfaces de portée, extension
transversale et déformation de cisaillement de ’écorce. Les approximations et les simplifications sont décrites.

Zusammenfassung—Die Arbeit behandelt die Differentialgleichungen und Randbedingungen fiir Verbundschalen
{Sandwich Shells) mit méssig grossen Winkelverdrehungen. Die Theorie beriicksichtigt die Biegesteifigkeit der
Aussenschichten, die Querdehnung und die Schubverformung des Kerns. Anndherungen und Vereinfachungen
werden aufgeziegt.

AGCTpaKT-—2Ta CTAThe NpenaraeT auddepeHliManbHble yPABHEHUSA U TPAHHYHBIC YCIIOBUS AJTs MPOCTOHHBIX
0605104€eK ¢ yMepeHHO 60NbIUMME BpalleHUAMH, Teopus BKIIIOYAET CONPOTHBIIEHHE H3rHb6aH Mo 0GIMIOBOK,
MOTNEPEYHOE PACHINPERME H ADOpMaIMIO CABKTA cepaueByHbl, ONUCHIBAIOTCA NPHOIIKEHUS ¥ YIPOLICHHS.



